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Abstract
We examine the corrections to the lowest order gravitational inter-
actions of massive particles arising from gravitational radiative cor-
rections. We show how the masslessness of the graviton and the
gravitational self interactions imply the presence of nonanalytic pieces
∼
√
−q2,∼ q2 ln−q2, etc. in the form factors of the energy-momentum
tensor and that these correspond to long range modifications of the
metric tensor gµν of the form G
2m2/r2, G2mh¯/r3, etc. The former co-
incide with well known solutions from classical general relativity, while
the latter represent new quantum mechanical effects, whose strength
and form is necessitated by the low energy quantum nature of the gen-
eral relativity. We use these results to define a running gravitational
charge.
1
1 Introduction
In this paper we will discuss the long distance classical and quantum correc-
tions to the Schwarszchild and Kerr metrics using the techniques of effective
field theory. We will show how the nonanalytic radiative corrections to the
energy-momentum tensor can be used to obtain the classical nonlinear terms
in these metrics at long distance, and calculate the analogous nonanalytic
quantum corrections. For the Schwarzschild metric we consider the case of
a massive scalar particle. Here we clear up some numerical disagreements
in related calculations that have emerged in the literature. We then present
the Kerr results, using a massive fermion as a source, and show that the
spin-independent quantum corrections are the same as those of the scalar
particle. We also elucidate various theoretical issues and compare with other
results in the literature.
Effective field theory is ideally suited for discussing the quantum effects
of general relativity at scales well below the Planck mass[1, 2]. While it
is expected that the degrees of freedom and the interactions of gravity will
be modified beyond the Planck scale, at low energies these ingredients are
accurately described by general relativity. Effective field theory separates
the known quantum effects of the low energy particles from the unknown
physics at high energy. The latter effects are represented by the most gen-
eral series of effective lagrangians consistent with the symmetry of general
relativity. However the propagation of the low energy particles yields iden-
tifiable quantum effects that can be isolated by the techniques of effective
field theory.
The present study builds on two sets of recent work. One of these is the
use of effective field theory to study quantum corrections to the gravitational
potential[1, 3, 4, 5, 6, 7, 8]. While the basic principles of these studies are
the same, there are some differences and/or disagreements. Since there is
not a universal definition of the meaning of a potential, different authors use
different definitions of potential in terms of Feynman diagrams, and hence
obtain different answers. Even in a case where the same definition is used,
different results have been obtained. We will provide some clarification
of these disagreements. A related paper [8] provides a full and detailed
calculation of the scattering potential of scalar particles. In the present
paper we note that a subset of diagrams is more readily interpreted as a
change in the metric, and we calculate these effects.
The other precedent for the present paper is the calculation of the the
leading quantum corrections to the Reissner-Nordstrom and Kerr-Newman
1
metrics using effective field theory[9]1. These metrics involve charged par-
ticles, so that the quantum corrections involved photon loops, not graviton
loops. However, this provided a particularly clear laboratory for the study
of metric corrections. Interestingly, we saw that the classical nonlinearities
in the metric can be calculated straightforwardly using Feynman diagram
techniques. At the same time we saw that there was a clear identification of
certain nonanalytic terms with long-distance quantum effects in the metric.
We use the insights of that study to investigate the present problems, which
involve graviton loops. In the present case the interpretation is not as clear,
although the calculations are well defined.
We will be using harmonic gauge throughout this paper. In this gauge,
the Schwarzschild metric has the form[11, 13],
g00 =
(
1− Gm
r
1 + Gm
r
)
= 1− 2Gm
r
+ 2
G2m2
r2
+ . . .
g0i = 0
gij = −δij(1 + Gm
r
)2 − G
2m2
r2
(
1 + Gm
r
1− Gm
r
)
rirj
r2
= −δij
(
1 + 2
Gm
r
+
G2m2
r2
)
− rirj
r2
G2m2
r2
+ . . . (1)
The Kerr metric[14] refers to a particle with spin and, keeping only terms
up to first order in the angular momentum, has the harmonic gauge form
g00 =
(
1− Gm
r
1 + Gm
r
)
+ . . . = 1− 2Gm
r
+ 2
G2m2
r2
+ . . .
g0i =
2G
r2(r +mG)
(~S × ~r)i + . . . =
(
2G
r3
− 2G
2m
r4
)
(~S × ~r)i + . . .
gij = −δij(1 + Gm
r
)2 − G
2m2
r2
(
1 + Gm
r
1− Gm
r
)
rirj
r2
+ . . .
= −δij
(
1 + 2
Gm
r
+
G2m2
r2
)
− rirj
r2
G2m2
r2
+ . . . (2)
We will show that using a particular set of Feynman diagrams we reproduce
the former with the addition of a long distance quantum correction
g00 = 1− 2Gm
r
+ 2
G2m2
r2
+
62G2mh¯
15πr3
+ . . .
1These corrections have also been considered from the point of view of S-matrix theory
in ref. [10]
2
g0i = 0
gij = −δij
(
1 + 2
Gm
r
+
G2m2
r2
+
14G2mh¯
15πr3
)
− rirj
r2
(
G2m2
r2
+
76G2mh¯
15πr3
)
+ . . .(3)
For the Kerr metric,
g00 = 1− 2Gm
r
+ 2
G2m2
r2
+
62G2mh¯
15πr3
+ . . .
g0i =
(
2G
r3
− 2G
2m
r4
+
36G2h¯
15πr5
)
(~S × ~r)i + . . .
gij = −δij
(
1 + 2
Gm
r
+
G2m2
r2
+
14G2mh¯
15πr3
)
− rirj
r2
(
G2m2
r2
+
76G2mh¯
15πr3
)
+ . . .(4)
It is of course required that the classical spin-independent terms must be the
same for a scalar particle and a fermion. We know of no firm requirement
for the spin-independence of the quantum corrections to g00 and gij , but
from our calculation they are seen to be identical.
2 Review
The metric is derived from the energy-momentum tensor of a source, us-
ing Einstein’s equation as the equation of motion. At lowest order in the
fields, the source particle is just a point particle in coordinate space. How-
ever, both classical fields and their quantum fluctuations modify the energy-
momentum of a particle at long distance. These modifications can be found
by the consideration of the radiative corrections to the energy-momentum
tensor. When these are translated into a metric, they yield the classical
nonlinearities and quantum modifications of the metric.
Let us review what was found in Ref[9] for the conceptually simpler case
of charged particles, as our calculation here will follow the same procedure.
In that case the field around the particles was the electromagnetic field and
the gravitational interaction was treated purely classically. The masslessness
of the photon implies that there are long range fields around a charged parti-
cle and these carry energy and momentum. At the same time, in a Feynman
diagram calculation of the renormalization of the energy momentum tensor
of the charged particle, the masslessness of the photon leads to nonanalytic
terms in the formfactors having the structure ∼ √−q2,∼ q2 ln−q2, where
q is the momentum transfer, as well as analytic terms of order q2, q4.... It
was shown in detail how the ∼ √−q2 terms account for the classical energy-
momentum of the electromagnetic field and how they exactly reproduce the
3
classical nonlinearities in the metric that are present in the Reissner Nord-
strom and Kerr Newman metrics. Nonanalytic terms of the form q2 ln−q2
also appear, and when they are included in the equations of motion they
produce further corrections in these metrics. Explicit examination shows
that these latter are linear in h¯ - i.e.they are quantum effects. Finally the
analytic terms produce only delta functions (or derivatives of delta func-
tions) in the metric, such that they vanish at long distance. Thus we saw
that the long distance modifications of the metrics are obtained from the
nonanlaytic terms in the formfactors of the energy momentum tensor.
The same effects are present in the purely gravitational case. If one
expands the energy and momentum of the particle in powers of G, the
lowest order result is that of a point particle. However, there is energy
and momentum also carried by the gravitational field around the particle
and this can be calculated via the one loop Feynman diagrams. Because
the graviton is massless, there will also be nonanalytic terms of the forms
∼ √−q2,∼ q2 ln−q2 in the formfactors of the energy momentum tensor.
Again these will produce long range modifications of the metric. If we in-
clude the relevant dimensionful couplings, this will have the schematic form
metric ∼ Gm
∫
d3q
(2π)3
ei~q·~r
1
~q2

1− aG~q2
√
m2
~q2
− bG~q2 log(~q2)− cG~q2 + . . .


∼ Gm
[
1
r
+
aGm
r2
+
bGh¯
r3
+ cGδ3(x) + . . .
]
(5)
Here a, b, c are dimensionless numbers and further numerical factors of order
unity will be inserted later. We will examine the
√−q2 terms in detail and
show how they correctly reproduce all the features of the classical metric.
For the q2 ln−q2 terms we have included the factor of h¯ that follows from
dimensional analysis. The analytic correction to the energy momentum
tensor yields the delta function term that is not relevant for the long distance
behavior.
The nonanalytic terms come from the low energy propagation of gravi-
tons, using the couplings of general relativity. Because these features are
independent of the high energy behavior of gravity, they are unambiguous
predictions of low energy general relativity. There is also no influence of
other possible terms in the gravitational lagrangian, such as R2 or related
corrections in the matter lagrangian. These yield only analytic corrections
to the formfactor and hence do not provide long distance modifications of
the metric. These are behaviors that are well known in the effective field
theory of gravity[1].
4
3 Lowest order
Let us first consider the theory without loop corrections. The metric tensor
is expanded as
gµν ≡ ηµν + h(1)µν + . . . (6)
where ηµν = (1,−1,−1,−1)diag is the usual Minkowski metric and the su-
perscript refers to the number of powers of the gravitational coupling which
appear. The dynamical relation which connects h
(1)
µν and the energy momen-
tum tensor Tµν is the Einstein equation, whose linearized form in harmonic
gauge—gµνΓλµν = 0—is
2h(1)µν = −16πG(Tµν(x)−
1
2
ηµνT (x)) (7)
where T = ηµνTµν represents the trace. The metric for a nearly static source
is then recovered via the Green function in either coordinate or momentum
space
hµν(x) = −16πG
∫
d3yD(x− y)(Tµν(y)− 1
2
ηµνT (y))
= −16πG
∫
d3q
(2π)3
ei~q·~r
1
~q2
(Tµν(q)− 1
2
ηµνT (q)) (8)
For a quantum mechanical system, Tµν is given in terms of the transition
density
< p2|Tµν(x)|p1 >
and the conservation condition ∂µTµν = 0 together with the requirement
that Tµν transform as a second rank Lorentz tensor demands the general
(scalar field) form2
< p2|Tµν(x)|p1 >= e
i(p2−p1)·x
√
4E2E1
[
2PµPνF1(q
2) + (qµqν − ηµνq2)F2(q2)
]
(10)
where we have defined Pµ =
1
2(p1+p2)µ and qµ = (p1−p2)µ. Conservation of
energy and momentum requires F1(q
2 = 0) = 1 but there exists no constraint
on F2(q
2).
2Here we use the conventional normalization for the scalar field
< p2|p1 >= 2E1(2π)
3
δ
3(~p2 − ~p1) (9)
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For the case of a point mass m the lowest order form is (cf. Eq. 71)
< p2|T (0)µν (0)|p1 >=
1√
4E2E1
[
2PµPµ − 1
2
(qµqν − ηµνq2)
]
(11)
while in the case of the spin 1/2 system we have
< p2|T (0)µν (0)|p1 > = u¯(p2)
1
2
(γµPν + γνPµ)u(p1)
=
[
1
m
PµPν − i
4m
(σµλq
λPν + σνλq
λPµ)
]
u(p1)
(12)
where we use here the conventions of Bjorken and Drell and have employed
the Gordon identity[12]. In either case, for a heavy point mass located at
the origin we have the lowest order Breit frame result
< p2|T (0)µν (0)|p1 >≃ mδµ0δν0 (13)
The Einstein equation then has the solution
h(1)µν (~q) = −
8πGm
~q2
×


1 µ = ν = 0
0 µ = 0, ν = i
δij µ = i, ν = j
+ . . . (14)
which, using ∫
d3q
(2π)3
ei~q·~r
1
~q2
=
1
4πr
,
∫
d3q
(2π)3
ei~q·~r
qj
~q2
=
irj
4πr3
, (15)
corresponds to the coordinate space result3
h(1)µν (~r) = f(r)×


1 µ = ν = 0
0 µ = 0, ν = i
δij µ = i, ν = j
+ . . . (16)
with
f(r) = −2Gm
r
and reproduces the well-known leading order piece of the Schwarzschild
solution[13]. In the case of spin 1/2 there is an additional classical com-
ponent which arises from the spin. Using
< p2|T (0)0i (0)|p1 >≃ χ†2~σχ1 × ~q (17)
3Here the ellipses represent a very short range component associated with the q-
dependent piece of Tµν .
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we find the off-diagonal component of the metric
h
(1)
0i (~q) = −8πiG
1
~q2
(~S × ~q)i (18)
which corresponds to the coodinate space result
h
(1)
0i (~r) =
2G
r3
(~S × ~r)i (19)
and agrees to this order with the Kerr metric[14]. With this basic material
in hand we now proceed to the inclusion of loop corrections.
4 Loop Corrections to the Energy Momentum
Tensor—-Spin 0
Of course, the lowest order discussion given above is straightforward and
familiar, while the purpose of the present paper is determine the nonana-
lytic corrections ∼ √−q2, q2 log−q2 to the form factors arising from the
higher order gravitational self-interaction. The appearance of such terms
was found in I to be associated with the feature that the graviton couples
to the (massless) photon, and the same is expected to happen in the case of
gravitational self-interaction since the graviton is itself massless. The rele-
vant diagrams are shown in Figure 1 and are similar to their electromagnetic
analog considered in I, although the tensor nature of the graviton makes the
calculation considerably more tedious. Details of the calculation are given
in Appendix A and the results are[1, 5]
F1(q
2) = 1 +
Gq2
π
(−3
4
log
−q2
m2
+
1
16
π2m√−q2 ) + . . .
F2(q
2) = −1
2
+
Gm2
π
(−2 log −q
2
m2
+
7
8
π2m√−q2 ) + . . . (20)
As found in the case of the electromagnetically corrected vertex studied
in I, we observe that the q2 = 0 value of the leading form factor F1(q
2)
is unchanged from its lowest order value of unity, as required by energy-
momentum conservation, while the form factor F2(q
2), which is not pro-
tected, is modified. Such higher order corrections are to be expected from
the feature that gravity is nonlinear and must contain terms to all orders in
the gravitational coupling.
The momentum space form factors imply a coordinate space structure
of the energy momentum tensor which is modified at large distance. Using
7
the integrals listed in Appendix A, we find the correction to the lowest order
energy-momentum tensor to be
T00(~r) =
∫
d3q
(2π)3
ei~q·~r
(
mF1(q
2) +
~q2
2m
F2(q
2)
)
=
∫
d3q
(2π)3
ei~q·~r
[
m+ πGm2(− 1
16
+
7
16
)|~q|+ Gm
π
~q2 log ~q2(
3
4
− 1)
]
= mδ3(r)− 3Gm
2
8πr4
− 3Gmh¯
4π2r5
T0i(~r) = 0
Tij(~r) =
1
2m
∫
d3q
(2π)3
ei~q·~r(qiqj − δij~q2)F2(q2)
=
∫
d3q
(2π)3
ei~q·~r
[
7πGm2
16|~q| (qiqj − δij~q
2)− (qiqj − δij~q2)Gm
π
log ~q2
]
= −7Gm
2
4πr4
(
rirj
r2
− 1
2
δij
)
+
2Gmh¯
π2r5
δij
(21)
We have inserted factors of h¯ where appropriate, although we continue to
use c = 1 units.
Note that the leading correction to Tµν is classical in nature, since
there are no factors of h¯. We can show that this effect is generated by
the energy and momentum that are carried by the gravitational field—Eq.
16— surrounding the point mass. This field possesses an energy-momentum
tensor[11]
8πGT gravµν = −
1
2
h(1)λκ
[
∂µ∂νh
(1)
λκ + ∂λ∂κh
(1)
µν − ∂κ
(
∂νh
(1)
µλ + ∂µh
(1)
νλ
)]
− 1
2
∂λh
(1)
σν ∂
λh(1)σµ +
1
2
∂λh
(1)
σν ∂
σh(1)λµ − 1
4
∂νh
(1)
σλ∂µh
(1)σλ
− 1
4
ηµν(∂λh
(1)
σχ∂
σh(1)λχ − 3
2
∂λh
(1)
σχ∂
λh(1)σχ)− 1
4
h(1)µν 2h
(1)
+
1
2
ηµνh
(1)αβ
2h
(1)
αβ (22)
in terms of which the classical field correction to the point mass form of the
energy-momentum tensor is determined to be
T grav00 (r) =
1
8πG
(
−3
4
~∇f(r) · ~∇f(r)− 3f(r)~∇2f(r)
)
+ . . . = −3Gm
2
8πr4
+ . . .
8
T gravij (r) =
1
8πG
(
−1
2
∇if(r)∇jf(r) + 3
4
δij ~∇f(r) · ~∇f(r)
− f(r)∇i∇jf(r) + δijf(r)~∇2f(r)
)
+ . . . = −7Gm
2
4πr4
(
rirj
r2
− 1
2
δij
)
+ . . .
(23)
where the ellipses indicate contributions localized about the origin. Obvi-
ously Eqs. 21 and 23 are identical, demonstrating the correspondence of the
nonanalytic
√−q2 terms and the classical field energy, just as found in I for
the electromagnetic case.
The remaining corrections to Tµν contain an explicit factor of h¯ and
are thus intrinsically quantum mechanical in nature. The ”physics” behind
these modifications can be understood in terms of the position uncertainty
associated with quantum mechanics, which implies the replacement of the
distance r in the classical expression by the value ∼ r+ h¯
m
. Since for macro-
scopic distances h¯/m << r, expansion of the classical result in powers of 1/r
leads qualitatively to the quantum modifications found in our loop calcula-
tion. We emphasize that both Eq. 21,23 are long range effects which arise
only because the graviton couples to a massless virtual particle—in this case
the self-interaction. The explicit factor of h¯ in the latter indicates clearly
that these are quantum effects whose strength and form are necessitated by
the quantum nature of the field theory.
5 Classical terms in the metric
Here we use this energy momentum tensor to calculate the associated met-
ric. In I we were able to show that this procedure reproduced well-known
results for classical metrics. We will demonstrate the same feature for the
gravitational case. In this section we treat only the classical
√−q2 terms,
which we denote by
√
q superscripts to the form factors. The method here
is made somewhat more complex by the necessity of dealing with the non-
linearity of the Einstein equation. Here we must consistently work to second
order in G and to this order there is a nonlinear modification of the equa-
tions of motion relating the energy momentum tensor and the metric. This
is worked out in the appendix—Eq. 63— the result has the form to second
order in G
2h(2)µν = −16πG(T gravµν −
1
2
ηµνT
grav)−∂µ(f(r)∂νf(r))−∂ν(f(r)∂µf(r)) (24)
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Noting that
∇i(f(r)∇jf(r)) + ∇j(f(r)∇if(r)) = 8G2m2
(
4
rirj
r6
− δij
r4
)
= 4G2m2∇2
(
δij
r2
− 2rirj
r4
)
(25)
we find then that
h
(2)
00 (r) = −16πG
∫
d3q
(2π)3
ei~q·~r
1
~q2
(
m
2
F
√
q
1 (−~q2))−
~q2
4m
F
√
q
2 (−~q2)
)
= −16πG
∫
d3q
(2π)3
ei~q·~r
(
−Gπm
2
32|~q| −
7Gπm2
32|~q|
)
=
2G2m2
r2
h
(2)
0i (r) = 0
h
(2)
ij (r) = −16πG
∫
d3q
(2π)3
ei~q·~r
1
~q2
(
m
2
F
√
q
1 (−~q2)δij +
1
2m
(qiqj +
1
2
δij~q
2)F
√
q
2 (−~q2)
)
+ 4G2m2
(
δij
r2
− 2rirj
r4
)
= −16πG
∫
d3q
(2π)3
ei~q·~r
1
~q2
[
δij
(
−Gπm
2|~q|
32
+
7Gπm2|~q|
32
)
+
7Gπm2
16
qiqj
|~q|
]
+ 4G2m2
(
δij
r2
− 2rirj
r4
)
= −G
2m2
r2
(
δij +
rirj
r2
)
(26)
Comparing with the Schwarzschild solution in harmonic coordinates—Eq.
1—we find complete agreement.
6 Additional Quantum corrections to the metric
Having identified the classical corrections, we could proceed in a similar
fashion to calculate the quantum corrections using the q2 ln q2 non-analytic
terms. However there is one additional feature which needs to be included.
There is a quantum modification of the equations of motion, which amounts
to the addition of the vacuum polarization diagram of Fig 2. In order to see
that this is required, let us look at the quantum corrected effective action,
which also has non-local long distance modifications. At one loop one finds
the effective action
Z[h] = −
∫
d4xd4y
1
2
[hµν(x) ∆
µν,αβ(x− y)hαβ(y) +O(h3)
]
+ Zmatter[h, φ]
(27)
10
Figure 1: The vacuum polarization diagram.
Here the renormalized action ∆µν,αβ(x− y) contains
∆µν,αβ(x− y) = δ4(x− y)Dµν,αβ2 + Πˆµν,αβ(x− y) +O(∂4) (28)
where Dµν,αβ2 is the differential operator following from the Einstein action
and Πˆµν,αβ(x−y) is the vacuum polarization function after renormalization,
see Fig. 1. Following the steps in Appendix A we find that the vacuum
polarization induces a change in the equations of motion
2hµν(x) + Pµν,αβ
∫
d4yΠˆαβ,γδ(x− y)hγδ(y)
= −16πG(T gravµν −
1
2
ηµνT
grav)− ∂µ(f(r)∂νf(r))− ∂ν(f(r)∂µf(r))
(29)
where the projection operator Pµν,αβ is given by
Pµν,αβ = Iµν,αβ − 1
2
ηµνηαβ
Iµν,αβ =
1
2
(ηµαηνβ + ηναηµβ) (30)
Eq. 29 can be written, in harmonic gauge, as
2hµν = −16πG(T gravµν −
1
2
ηµνT
grav)− ∂µ(f(r)∂νf(r))− ∂ν(f(r)∂µf(r))
+ 16πG
∫
d4yd4z Pµν,αβΠˆ
αβ,γδ(x− y)D(y − z)(Tmattγδ (z)−
1
2
ηγδT
matt(z))
(31)
where the last term is just the vacuum polarization graph of Fig 2.
The vacuum polarization has been calculated by ’tHooft and
Veltman[16], and in momentum space it contains a factor of q4 log(−q2)
11
XFigure 2: Vacuum polarization modification of the energy-momentum ten-
sor.
which is the source of the nonlocality. The specific form is
Πˆαβ,γδ = −2G
π
log(−q2)
[
21
120
q4Iαβ,γδ +
23
120
q4ηαβηγδ
− 23
120
q2(ηαβqγqδ + ηγδqαqβ) (32)
− 21
240
q2(qαqδηβγ + qβqδηαγ + qαqγηβδ + qβqγηαδ) +
11
30
qαqβqγqδ
]
When we employ this form along with the graviton propagator, we find for
that the vacuum polarization contributes a shift in the metric
δh(2)vacpolµν (x) = 32G
2
∫
d3q
(2π)3
ei~q·~r log(~q2)
[
21
120
Tmattµν (q) +
(
1
240
ηµν − 11
60
qµqν
~q2
)
Tmatt(q)
]
(33)
In terms of components, we find,
δh
(2)vacpol
00 = −
43G2mh¯
15πr3
δh
(2)vacpol
ij =
G2mh¯
15πr3
(δij + 44
rirj
r2
) (34)
The remaining corrections come from the logarithms in the vertex cor-
rection. Using the energy momentum tensor shown above plus the integrals
listed in the appendix we find
δh
(2)vertex
00 (r) = −16πG
∫
d3q
(2π)3
ei~q·~r
1
~q2
(
m
2
F1(−~q2)− ~q
2
4m
F2(−~q2)
)
= −16πG
∫
d3q
(2π)3
ei~q·~r
Gm
π
(
3
8
+
1
2
) log ~q2 =
7G2mh¯
πr3
12
δh
(2)vertex
0i (r) = 0
δh
(2)vertex
ij (r) = −16πG
∫
d3q
(2π)3
ei~q·~r
1
~q2
log ~q2
(
m
2
F1(−~q2))δij
+
1
2m
(qiqj +
1
2
δij~q
2)F2(−~q2)
)
= −16πG
∫
d3q
(2π)3
ei~q·~r
Gm
π
(
δij(
3
8
− 1
2
)− qiqj
~q2
)
= −G
2mh¯
πr3
(
δij + 8
rirj
r2
)
(35)
where we have shown only the effects of the quantum logarithms. Adding
these corrections to the vacuum polarization and classical terms reproduces
the metric displayed in Eq. 3.
7 Fermions and spin
Having understood the spinless sector, we now turn our attention to the
case of a particle with spin, in particular spin one-half. The general form for
the spin 1/2 matrix element of the energy-momentum tensor can be written
as[17]
< p2|Tµν |p1 > = u¯(p2)
[
F1(q
2)PµPν
1
m
− F2(q2)( i
4m
σµλq
λPν +
i
4m
σνλq
λPµ)
+ F3(q
2)(qµqν − ηµνq2) 1
m
]
u(p1) (36)
The normalization condition F1(q
2 = 0) = 1 corresponds to energy-
momentum conservation as found before, while the second normalization
condition F2(q
2 = 0) = 1 is required by the constraint of angular momen-
tum conservation. This can be seen by defining
Mˆ12 =
∫
d3x(T01x2 − T02x1)
q→0−→ −i(∇q)2
∫
d3xei~q·~rT01(~r) + i(∇q)1
∫
d3xei~q·~rT02(~r) (37)
whereby
lim
q→0
< p2|Mˆ12|p1 >= 1
2
=
1
2
u¯↑(p)σ3u↑(p)F2(q2) (38)
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i.e., F2(q
2 = 0) = 1, as found explicitly in our calculation.
The Feynman diagrams for fermions are shown in Fig 2. We find, as
shown in the Appendix
F1(q
2) = 1 +
Gq2
π
(
π2m
16
√−q2 −
3
4
log
−q2
m2
)
+ . . .
F2(q
2) = 1 +
Gq2
π
(
π2m
4
√−q2 +
1
4
log
−q2
m2
)
+ . . .
F3(q
2) =
Gm2
π
(
7π2m
16
√−q2 − log
−q2
m2
)
+ . . . (39)
We convert this into an energy-momentum tensor. Writing ~S = ~σ/2 for
the spin, the general relation to the fermion form factors is
T00(~r) =
∫
d3q
(2π)3
ei~q·~r
(
mF1(−~q2) + ~q
2
m
F3(−~q2)
)
T0i(~r) = i
∫
d3q
(2π)3
ei~q·~r
1
2
(~S × ~q)iF2(−~q2)
Tij(~r) =
1
m
∫
d3q
(2π)3
ei~q·~r(qiqj − δij~q2)F3(−~q2) (40)
Using our results Eq. 39 for the form factors this becomes
T00(~r) =
∫
d3q
(2π)3
ei~q·~r
(
m+
3Gm2π
8
|~q| − Gm
4π
~q2 log ~q2
)
+ . . .
= mδ3(~r)− 3Gm
2
8πr4
− 3Gmh¯
4πr5
+ . . .
T0i(~r) =
i
2
∫
d3q
(2π)3
ei~q·~r(~S × ~q)i
(
1− Gmπ
4
|~q| − G
4π
~q2 log ~q2
)
+ . . .
=
1
2
(~S × ~∇)iδ3(~r) +
(
− Gm
2πr6
+
15Gh¯
4π2r7
)
(~S × ~r)i + . . .
Tij(~r) =
∫
d3q
(2π)3
ei~q·~r
(
7Gm2π
16|~q| −
Gm
π
log ~q2
)(
qiqj − δij~q2
)
+ . . .
= −7Gm
2
4πr4
(
rirj
r2
− 1
2
δij
)
+
2Gmh¯
π2r5
δij + . . . (41)
We can again check the classical piece of this result against our expec-
tations of the energy-momentum carried by the gravitational field. The
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spin-independent pieces are identical to that found for the spinless case. In
the case of the off-diagonal component of the energy-momentum tensor, Eq.
63 yields
T grav0i =
1
8πG
(
−1
2
h
(1)
0j ∇i∇jh(1)00 +
1
2
∇jh(1)ki ∇kh(1)j0
)
=
1
16πGm
[
−
(
(~S × ~∇)jf(r)
)
∇i∇jf(r) + (∇jf(r))∇i(~S × ~∇)jf(r)
]
= − Gm
2πr6
(~S × ~r)i (42)
in agreement with the result obtained from Eq. 41
Now let us calculate the metric components. In this case we find the
relation of the metric to the fermion form factors is given by
h00(~r) = −16πG
∫
d3q
(2π)3
ei~q·~r
1
~q2
(
m
2
F1(−~q2)− ~q
2
2m
F3(−~q2)
)
h0i(~r) = −16πG i
2
∫
d3q
(2π)3
ei~q·~r
1
~q2
F2(−~q2)(~S × ~q)i
hij(~r) = −16πG
∫
d3q
(2π)3
ei~q·~r
1
~q2
(
m
2
F1(−~q2)δij + 1
m
(qiqj +
1
2
δij~q
2)F3(−~q2)
)
+
4G2m2
r2
(
δij − 2rirj
r2
)
(43)
With the form factors calculated above this yields
hvertex00 (~r) = −16πG
∫
d3q
(2π)3
ei~q·~r
1
~q2
(
m
2
− Gm
2π|~q|
4
+
7Gm~q2
8
log ~q2
)
+ . . .
= −2Gm
r
+
2G2m2
r2
+
7G2mh¯
πr3
+ . . .
hvertex0i (~r) = −16πG
i
2
∫
d3q
(2π)3
ei~q·~r
1
~q2
(
1− Gmπ|~q|
4
− G~q
2
4π
log ~q2
)
(~S × ~q)i + . . .
=
(
2G
r3
− 2G
2m
r4
+
3G2h¯
πr5
)
(~S × ~r)i + . . .
hvertexij (~r) = −16πG
∫
d3q
(2π)3
ei~q·~r
1
~q2
(
m
2
δij − (Gm
2π|~q|
32
− 3Gm~q
2
8π
log ~q2)δij
+ (qiqj +
1
2
~q2δij)(
7Gm2π
16|~q| −
Gm
π
log
~q2
m2
)
)
+
4G2m2
r2
(
δij − 2rirj
r2
)
+ . . .
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= −δij 2Gm
r
− G
2m2
r2
(
δij +
rirj
r2
)
− G
2mh¯
πr3
(
δij + 8
rirj
r2
)
+ . . . (44)
We observe that the diagonal components of the vertex correction are iden-
tical to those found for the spinless case, as expected, and that there exists
a nonvanishing non-diagonal term associated with the spin. The diago-
nal components of the vacuum polarization are also clearly identical to the
bosonic case, but there is a new off-diagonal component associated with the
spin
h
(2)vacpol
0i = 32G
2
∫
d3q
(2π)3
ei~q·~r log ~q2
21
240
iF2(q
2)(~S × ~q)i
=
21G2h¯
5πr5
(~S × ~r)i (45)
Again these are added together in order to yield the result quoted in the in-
troduction. We have thus reproduced the Kerr metric—Eq. 2—in harmonic
gauge together with the associated quantum corrections.
8 Discussion of the metric and gravitational po-
tential
The quantum correction to the Schwarzschild metric has previously been
discussed by Duff[18]. While that discussion properly identifies ln−q2 terms
as the source of the quantum effects, the calculation is incomplete because
it only includes the effect of the vacuum polarization diagram. This can be
traced to the assumption of a “classical source”, which meant that the vertex
diagrams were not included. However, any source has a gravitational field
surrounding it and that field has a quantum component. The effective field
theory treatment demonstrates the existence of quantum corrections due to
the vertex diagrams - they are of the same order as those due to vacuum
polarization and they must be included. In this sense, there is no fully
classical source in gravity. If one takes the mass of a particle to infinity, the
gravitational coupling also grows and the quantum effects do not decouple.
Rather for a heavy mass it is long distances which determines the classical
limit, as the quantum effects become smaller than the classical effects in the
limit of large distance. However, the vertex corrections are as important as
the vacuum polarization for the quantum correction to the metric and they
must be included.
The bosonic diagrams that we have considered have also been parts of
the calculations of the quantum corrections to the Newtonian potential. We
16
Figure 3: Diagrams contributing to the one-particle-reducible potential.
have shown them in detail because there has been numerical disagreements
in the literature. We believe that our results are the correct ones. There
appears to have been a numerical error in the original result of Ref [1]. We
have identified the location of that error and carefully reconsidered that
value. The identity of Eq. 74 makes it easy to repeat this part of the calcu-
lation. The authors of Ref [4] also appear to be in error. Their calculation
would lead to the wrong classical terms, which certainly indicates an error
and implies that the quoted quantum portion is also not trustworthy. In
addition, our fermionic calculation serves as an independent confirmation
of the bosonic result, as the calculational details are quite different even
though the result is the same.
If we use our present result to define the one-particle-reducible potential,
including the diagrams in Figure 3, we obtain the result,
V (r) = −Gm1m2
r
(
1− G(m1 +m2)
r
− 167
30π
Gh¯
r2
+ . . .
)
(46)
This potential is not itself the scattering potential. In a separate work [8] we
calculate the other diagrams which are required to fully define the scatter-
ing amplitude. These include box diagrams and several triangle diagrams.
However, the 1PR potential represents the sets of diagrams that are used
to define the running charge in QED and QCD and these diagrams can be
used for a similar definition here. We propose that the quantum correc-
tion from these diagrams be used to define a running gravitational coupling
appropriate for harmonic gauge. This results in
G(r) = G
(
1− 167
30π
Gh¯
r2
)
(47)
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The fact that this definition is independent of the masses of the objects in-
volved suggests that it has a universal character appropriate for the running
charge. Our work shows that this form is independent of spin. Note also
that the charge becomes weaker at shorter distances. This is in accord with
a heuristic expectation that the gravitational interaction at large distances
feels the total mass of the object, but when probed at small distances gravity
will see a smaller effect because the quantum fluctuations spread out the en-
ergy contained in the fields. That the running gravitational coupling varies
with a power of r rather than the logarithm is required by the dimensional
gravitational coupling constant.
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Appendix A - the equations of motion
While many details of the method are given in previous works, we do make
special use of the equations of motion in a way that is not shown elsewhere.
Here we describe the background that we need for our calculation.
The full gravitational action is given by
Sg =
∫
d4x
√−g
(
1
16πG
R+ Lm
)
(48)
where Lm is the Lagrange density for matter. Variation of Eq. 48 yields the
Einstein equation
Rµν − 1
2
gµνR = −8πGTµν (49)
where the energy-momentum tensor Tµν is given by
Tµν =
2√−g
∂
∂gµν
(
√−gLm) (50)
We work in the weak field limit, with an expansion in powers of the gravi-
tational coupling G
gµν ≡ ηµν + h(1)µν + h(2)µν + . . .
gµν = ηµν − h(1)µν − h(2)µν + h(1)µλh(1)λν + . . . (51)
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where here the superscript indicates the number of powers of G which appear
and indices are understood to be raised or lowered by ηµν . We shall also
need the determinant which is given by
√−g = exp 1
2
tr log g = 1+
1
2
(h(1) +h(2))− 1
4
h
(1)
αβh
(1)αβ +
1
8
h(1)2+ . . . (52)
The corresponding curvatures are given by
R(1)µν =
1
2
[
∂µ∂νh
(1) + ∂λ∂
λh(1)µν − ∂µ∂λh(1)
λ
ν − ∂ν∂λh(1)λµ
]
R(1) = 2h(1) − ∂µ∂νh(1)µν
R(2)µν =
1
2
[
∂µ∂νh
(2) + ∂λ∂
λh(2)µν − ∂µ∂λh(2)λν − ∂ν∂λh(2)λµ
]
− 1
4
∂µh
(1)
αβ∂νh
(1)αβ − 1
2
∂αh
(1)
µλ∂
αh
(1)
λν +
1
2
∂αh
(1)
µλ∂
λh(1)αν
+
1
2
h(1)λα
[
∂λ∂νh
(1)
µα + ∂λ∂µh
(1)
να − ∂µ∂νh(1)λα − ∂λ∂αh(1)µν
]
+
1
2
(
∂βh
(1)βα − 1
2
∂αh(1)
)(
∂µh
(1)
να + ∂νh
(1)
µα − ∂αh(1)µν
)
R(2) = 2h(2) − ∂µ∂νh(2)µν −
3
4
∂µh
(1)
αβ∂
µh(1)αβ +
1
2
∂αh
(1)
µλ∂
λh(1)µα
+
1
2
h(1)λα
(
2∂λ∂
βh
(1)
αβ −2h(1)λα − ∂λ∂αh(1)
)
+
(
∂βh
(1)α
β −
1
2
∂αh(1)
)(
∂σh(1)σα −
1
2
∂αh
(1)
)
(53)
In order to define the propagator, we must make a gauge choice and we shall
work in harmonic gauge—gµνΓλµν = 0—which reads, to second order in the
field expansion,
0 = ∂βh
(1)
βα −
1
2
∂αh
(1)
=
(
∂βh
(2)
βα −
1
2
∂αh
(2) − 1
2
h(1)λσ
(
∂λh
(1)
σα + ∂σh
(1)
λα − ∂αh(1)σλ
))
(54)
Using these results, the Einstein equation reads, in lowest order,
2h(1)µν−
1
2
ηµν2h
(1)−∂µ
(
∂βh
(1)
βν −
1
2
∂νh
(1)
)
−∂ν
(
∂βh
(1)
βµ −
1
2
∂µh
(1)
)
= −16πGTmattµν
(55)
which, using the gauge condition Eq. 54a, can be written as
2
(
h(1)µν −
1
2
ηµνh
(1)
)
= −16πGTmattµν (56)
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or in the equivalent form
2h(1)µν = −16πG
(
Tmattµν −
1
2
ηµνT
matt
)
(57)
As shown in section 2, this equation has the familiar solution for a static
point mass
h(1)µν = δµνf(r) (58)
where
f(r) = −2Gm
r
.
In second order the validity of the Einstein equation requires that
R(2)µν −
1
2
ηµνR
(2) − 1
2
h(1)µνR
(1) = 0 (59)
It is useful to write this equation in the form
2h(2)µν−
1
2
ηµν2h
(2)−∂µ
(
∂βh
(2)
βν −
1
2
∂νh
(2)
)
−∂ν
(
∂βh
(2)
βµ −
1
2
∂µh
(2)
)
≡ −16πGT gravµν
(60)
where T gravµν can be identified as the energy-momentum carried by the grav-
itational field and can be read off as
8πGT gravµν = −
1
2
h(1)λκ
[
∂µ∂νh
(1)
λκ + ∂λ∂κh
(1)
µν − ∂κ
(
∂νh
(1)
µλ + ∂µh
(1)
νλ
)]
− 1
2
∂λh
(1)
σν ∂
λh(1)σµ +
1
2
∂λh
(1)
σν ∂
σh(1)λµ − 1
4
∂νh
(1)
σλ∂µh
(1)σλ
− 1
4
ηµν(∂λh
(1)
σχ∂
σh(1)λχ − 3
2
∂λh
(1)
σχ∂
λh(1)σχ)− 1
4
h(1)µν 2h
(1)
+
1
2
ηµνh
(1)αβ
2h
(1)
αβ (61)
Using the gauge condition Eq. 54b, Eq. 60 becomes
2
(
h(2)µν −
1
2
ηµνh
(2)
)
= −16πGT gravµν
+ ∂µ
(
h(1)λσ
(
∂λh
(1)
σν −
1
2
∂νh
(1)
λσ
))
+ ∂ν
(
h(1)λσ
(
∂λh
(1)
σµ −
1
2
∂µh
(1)
λσ
))
− ηµν∂α
(
h(1)λσ
(
∂λh
(1)
ασ −
1
2
∂αh
(1)
λσ
))
(62)
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and, using the lowest order solution Eq. 58 we find the form
2h(2)µν = −16πG
(
T gravµν −
1
2
ηµνT
grav
)
− ∂µ (f(r)∂νf(r))− ∂ν (f(r)∂µf(r))
(63)
For use in the spin 1/2 case we note that the corresponding off-diagonal
equation reads
2h
(2)
0i = −16πGT grav0i −∇i(h(1)0j ∇jh(1)00 ) +∇i(h(1)jk ∇jh(1)0k ) (64)
However, using the lowest order solutions found above we easily verify that
∇i(h(1)0j ∇jh(1)00 ) = ∇i(h(1)jk ∇jh(1)0k ) = 0 (65)
Thus the off-diagonal Einstein equation in second order has the simple form
2h
(2)
0i = −16πGT grav0i (66)
while the general form in second order is seen to be given by Eq. 63.
Appendix B - details of the bosonic and fermionic
vertex corrections
8.1 Spin zero
Here we show the calculation of the nonanalytic terms in vertex correction,
following the method of [1]. Such pieces arise from the diagrams in Figure
4, wherein the external graviton couples to the massless graviton fields in
the loop. We have found that a symmetric ordering of the momentum is
useful, using the following integrals
I =
∫
ddk
(2π)d
1
(k − q2 )2(k + q2)2((p − k + q2)2 −m2)
=
i
32π2m2
[−L− S] + . . .
Iµ =
∫
ddk
(2π)d
kµ
(k − q2 )2(k + q2)2((p − k + q2)2 −m2)
=
i
32π2m2
[
Pµ
(
1 +
q2
2m
)
L+
q2
4m2
S
]
+ . . .
Iµν =
∫
ddk
(2π)d
kµkν
(k − q2 )2(k + q2)2((p − k + q2)2 −m2)
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(a) (b)
Figure 4: Gravitational radiative correction diagrams leading to nonanalytic
components of form factors.
=
i
32π2m2
[
−PµPν q
2
2m2
(L+
1
4
S)−
(
qµqν − ηµνq2
)
(
1
4
L+
1
8
S)
]
+ . . .
Iµνα =
∫
ddk
(2π)d
kµkνkα
(k − q2 )2(k + q2)2((p − k + q2)2 −m2)
=
i
32π2m2
[
PµPνPα
(
q2
6m2
)
L
+
(
(qµqν − ηµνq2)Pα + (qµqα − ηµαq2)Pν + (qνqα − ηναq2)Pµ
) L
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]
+ . . .
(67)
where S = π2m/
√−q2, L = log(−q2/m2). From Figure 4a, we have then
Aµν(a) = iP
α,λκiP γδ,ρσi
∫
d4ℓ
(2π)4
ταβ(p, p
′ − ℓ)τγδ(p′ − ℓ, p′)τµνρσ,λκ(ℓ, q)
ℓ2(ℓ− q)2((ℓ− p′)2 −m2) (68)
while from Figure 4b,
Aµν(b) =
i
2
Pαβ,λκiP γδ,ρσταβ,γδ(p, p
′)
∫
d4ℓ
(2π)4
τµνλκ,ρσ(ℓ, q)
ℓ2(ℓ− q)2 (69)
Here the coupling to matter via one-graviton and two-graviton vertices
can be found by expanding the spin zero matter Lagrangian
√−gLm =
√−g
(
1
2
Dµφg
µνDνφ− 1
2
m2φ2
)
(70)
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via
√−gL(0)m =
1
2
(∂µφ∂
µφ−m2φ2)
√−gL(1)m = −
1
2
h(1)µν
(
∂µφ∂νφ− 1
2
ηµν(∂αφ∂
αφ−m2φ2)
)
√−gL(2)m = −
1
2
h(2)µν
(
∂µφ∂νφ− 1
2
ηµν(∂αφ∂
αφ−m2φ2)
)
+
1
2
(
h(1)µλh(1)νλ − 1
2
h(1)h(1)µν
)
∂µφ∂νφ
− 1
8
(
h(1)αβh
(1)
αβ −
1
2
h(1)2
)
(∂αφ∂αφ−m2φ2) (71)
The one- and two-graviton vertices are then respectively
ταβ(p, p
′) =
−iκ
2
(
pαp
′
β + p
′
αpβ − ηαβ(p · p′ −m2)
)
ταβ,γδ(p, p
′) = iκ2
[
Iαβ,ρξI
ξ
σ,γδ
(
pρp′σ + p′ρpσ
)
− 1
2
(ηαβIρσ,γδ + ηγδIρσ,αβ) p
′ρpσ
− 1
2
(
Iαβ,γδ − 1
2
ηαβηγδ
)(
p · p′ −m2
)]
(72)
where we have defined κ2 = 32πG. We also require the triple graviton vertex
τµναβ,γδ(k, q) whose form is
τµναβ,γδ(k, q) =
iκ
2
{
Pαβ,γδ
[
kµkν + (k − q)µ(k − q)ν + qµqν − 3
2
ηµνq2
]
+ 2qλqσ
[
Iλσ,αβI
µν,
γδ + I
λσ,
γδI
µν,
αβ − Iλµ,αβIσν,γδ − Iσν,αβIλµ,γδ
]
+ [qλq
µ(ηαβI
λν,
γδ + ηγδI
λν,
αβ) + qλq
ν(ηαβI
λµ,
γδ + ηγδI
λµ,
αβ)
− q2(ηαβIµν,γδ + ηγδIµν,αβ)− ηµνqλqσ(ηαβIγδ,λσ + ηγδIαβ,λσ)]
+ [2qλ(Iσν,αβIγδ,λσ(k − q)µ + Iσµ,αβIγδ,λσ(k − q)ν
− Iσν,γδIαβ,λσkµ − Iσµ,γδIαβ,λσkν)
+ q2(Iσµ,αβIγδ,σ
ν + Iαβ,σ
νIσµ,γδ) + η
µνqλqσ(Iαβ,λρI
ρσ,
γδ + Iγδ,λρI
ρσ,
αβ)]
+ [(k2 + (k − q)2)
(
Iσµ,αβIγδ,σ
ν + Iσν,αβIγδ,σ
µ − 1
2
ηµνPαβ,γδ
)
− (k2ηγδIµν,αβ + (k − q)2ηαβIµν,γδ)]
}
(73)
Before presenting our results, we note a simplification—it can be easily
seen that the terms in the 3-graviton vertex function proportional to k2 or
23
(k− q)2 do not produce nonanalytic pieces when inserted into either Eq. 68
or Eq. 69 and can be dropped.
A further enormous simplification of indices results from the identity[5]
P ξζ,αβτµναβ,γδ(k, q)P
γδ,κρ = τµν,ξζ,κρ(k, q) (74)
for all the terms which lead to nonanalytic corrections. This can be verified
straightforwardly. The resulting integrals are still tedious, but can be done
directly.
Decomposing the remaining piece of this vertex into the four bracketed
terms, we list our results in terms of the contributions from each bracket
separately:
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8.2 Spin 1/2
For the case of spin 1/2 we require some additional formalism in order to
extract the gravitational couplings. In this case the matter Lagrangian reads
√
eLm =
√
eψ¯(iγaea
µDµ −m)ψ (76)
and involves the vierbein ea
µ which links global coordinates with those in
a locally flat space. The vierbein is in some sense the “square root” of the
metric tensor gµν and satisfies the relations
eaµe
b
νηab = gµν e
a
µeaν = gµν
eaµebµ = δ
a
b e
aµea
ν = gµν (77)
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The covariant derivative is defined via
Dµψ = ∂µψ +
i
4
σabωµab (78)
where
ωµab =
1
2
ea
ν(∂µebν − ∂νebµ)− 1
2
eb
ν(∂µeaν − ∂νeaµ)
+
1
2
ea
ρeb
σ(∂σecρ − ∂ρecσ)eµc (79)
The connection with the metric tensor can be made via the expansion
eaµ = δ
a
µ + c
(1)a
µ + c
(2)a
µ + . . . (80)
where, as before, the superscript indicates the number of powers of the
gravitational coupling G which are present. The inverse of this matrix is
ea
µ = δµa − c(1)µa − c(2)µa + c(1)µb c(1)ba + . . . (81)
and we find
gµν = ηµν + c
(1)
µν + c
(1)
νµ + c
(2)
µν + c
(2)
νµ
+ c(1)aµc
(1)
aν + . . .
gµν = ηµν − c(1)µν − c(1)νµ − c(2)µν − c(2)νµ
+ c(1)aµc(1)νa + c
(1)µac(1)a
ν
+ c(1)µac(1)νa + . . . (82)
For our purposes we shall use only the symmetric component of the c-
matrices, since these are physical and can be connected to the metric tensor,
while their antisymmetric components are associated with freedom of homo-
geneous transformations of the local Lorentz frames and do not contribute
to nonanalyticity. We find then
c(1)µν →
1
2
(c(1)µν + c
(1)
νµ ) =
1
2
h(1)µν
We have then
det e = 1 + c+
1
2
c2 − 1
2
ca
bcb
a + . . .
= 1 +
1
2
h+
1
8
h2 − 1
8
ha
bhb
a + . . . (83)
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Using these forms the matter Lagrangian has the expansion
√
eL(0)m = ψ¯(
i
2
γαδµα∂
LR
µ −m)ψ
√
eL(1)m = −
1
2
h(1)αβ ψ¯iγα∂
LR
β ψ −
1
2
h(1)ψ¯(
i
2
6∂LR −m)ψ
√
eL(2)m = −
1
2
h(2)αβ ψ¯iγα∂
LR
β ψ −
1
2
h(2)ψ¯(
i
2
6∂LR −m)ψ
− 1
8
h
(1)
αβh
(1)αβ ψ¯iγγ∂LRλ ψ +
1
16
(h(1))2ψ¯iγγ∂LRγ ψ
− 1
8
h(1)ψ¯iγαhα
λ∂LRλ ψ +
3
16
h
(1)
δα h
(1)αµψ¯iγδ∂LRµ ψ
+
1
4
h
(1)
αβh
(1)αβ ψ¯mψ − 1
8
(h(1))2ψ¯mψ
+
i
16
h
(1)
δν (∂βh
(1)ν
α − ∂αh(1)νβ )ǫαβδǫψ¯γǫγ5ψ (84)
where
ψ¯∂LRα ψ ≡ ψ¯∂αψ − (∂αψ¯)ψ.
The corresponding one- and two-graviton vertices are found then to be
ταβ(p, p
′) =
−iκ
2
[
1
4
(γα(p + p
′)β + γβ(p + p′)α)− 1
2
ηαβ(
1
2
(6p+ 6p′)−m)
]
ταβ,γδ(p, p
′) = iκ2
{
−1
2
(
1
2
(6p+ 6p′)−m)Pαβ,γδ
− 1
16
[ηαβ(γγ(p + p
′)δ + γδ(p+ p′)γ)
+ ηγδ(γα(p+ p
′)β + γβ(p+ p′)α)]
+
3
16
(p+ p′)ǫγξ(Iξφ,αβIφǫ,γδ + Iξφ,γδIφǫ,αβ)
+
i
8
ǫρσηλγλγ5(Iαβ,η
νIγδ,σνk
′
ρ − Iγδ,ηνIαβ,σνkρ)
}
(85)
With these results in hand the loop integrations can now be performed,
as before, yielding, for spin 1/2
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All calculations of the form factors where done by hand and by computer.
To do the various contractions of indices and integrations by computer, a
computer algorithm for Maple 7 (TM)4 were developed and used to do the
calculations.
Appendix C - useful integrals
Here we collect the integrals used to calculate the long range corrections to
the energy momentum tensor and the metric. For the classical correction to
the energy momentum tensor we use∫
d3q
(2π)3
ei~q·~r|~q| = − 1
π2r4∫
d3q
(2π)3
ei~q·~rqj|~q| = −4irj
π2r6∫
d3q
(2π)3
ei~q·~r
qiqj
|~q| =
1
π2r4
(
δij − 4rirj
r2
)
(87)
and the quantum effect use∫
d3q
(2π)3
ei~q·~r~q2 log ~q2 =
3
πr5
4Maple and Maple V are registered trademarks of Waterloo Maple Inc.
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∫
d3q
(2π)3
ei~q·~rqj~q2 log ~q2 =
i15rj
πr7∫
d3q
(2π)3
ei~q·~rqiqj log ~q2 =
1
πr5
δij (88)
For the metric we require
∫
d3q
(2π)3
ei~q·~r
1
|~q| =
1
2π2r2∫
d3q
(2π)3
ei~q·~r
qj
|~q| =
irj
π2r4∫
d3q
(2π)3
ei~q·~r
qiqj
|~q|3 =
1
2π2r2
(
δij − 2rirj
r2
)
(89)
and ∫
d3q
(2π)3
ei~q·~r log ~q2 = − 1
2πr3∫
d3q
(2π)3
ei~q·~rqj log ~q2 =
−i3rj
2πr5∫
d3q
(2π)3
ei~q·~r
(
qiqj
~q2
)
log ~q2 = − rirj
2πr5
(90)
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